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The dependence of the second hyperpolarizability (γ) on the diradical character (y) for singlet diradical systems
is investigated using a model compound, thep-quinodimethane (PQM) molecule with different both-end
carbon-carbon (C-C) bond lengths, by several ab initio molecular orbital and density functional theory
methods. The diradical character based on UHF calculations indicates that at equilibrium geometry PQM is
in a singlet ground state and primarily exhibits a quinoid structure, whereas the diradical character increases
when increasing both-end C-C bond lengths. At the highest level of approximation, that is, using the
UCCSD(T) method with the 6-31G*+diffuse p (ú ) 0.0523) basis set, the longitudinal staticγ of PQM
presents a maximum value for intermediate diradical character (y ≈ 0.5) while theγ values are larger for
intermediate and large diradical character (y ≈ 0.5-0.7) than for small diradical character (y < 0.2). This
feature suggests that theγ values of singlet diradical systems in the intermediate and somewhat strong
correlation regimes are significantly enhanced as compared to those in the weak correlation regime. These
results are substantiated by a complementary study of the variation inγ upon twisted ethylene.

1. Introduction

The nonlinear optical (NLO) properties of molecular systems
have been actively studied both theoretically and experimentally
over the past 20 years or more1-10 because organic conjugated
compounds exhibit large NLO susceptibilities (hyperpolariz-
abilities at the microscopic level) with short response times and
because of the feasibility of controlling hyperpolarizabilities by
the modification of molecular electronic structures. In previous
papers,11-13 we have investigated the variation of the static
second hyperpolarizability (γ) of the H2 molecule with increas-
ing the bond distance and have found that theγ value first
increases, reaches a maximum in the intermediate bond distance
region, and then decreases in the bond dissociation region.
Moreover, the variation in electronic structure in the dissociation
process exemplifies the classification of open-shell systems
according to the strength of electron correlation, that is,
equilibrium-, intermediate-, and long-bond distance regions
correspond to weak-, intermediate-, and strong-correlation
regimes, respectively. So, the variation ofγ during the dis-
sociation process can be understood by the fact that the
intermediate bond breaking nature causes large fluctuations of
electrons under the applied electric field. For example, such
intermediate bond breaking nature is predicted to be realized

in open-shell neutral radicals with intermediate spin multiplici-
ties, which exhibit significantly enhancedγ values as compared
to those in low-spin states using the C5H7 neutral radical
model.14-16 These results indicate the potential of open-shell
NLO systems for their application in tunable photonic
devices.7,9,11-25

On the other hand, such variations in bond breaking nature,
that is, variations in the degree of electron correlation, is well
described by the diradical character,26,27 which is an index of
the degree of diradical nature and changes from 0 to 1 as a
function of the bond dissociation. In fact, several diradical
compounds with various diradical characters have been syn-
thesized and different control schemes of the diradical nature
have been proposed.28 Although these compounds are a priori
interesting in view of their NLO properties, they have not yet
been studied. In this study, therefore, we investigate the
dependence ofγ on the diradical character using singlet diradical
model compounds. On the basis of the previous results,11-16,24

the singlet diradical systems with intermediate and large
diradical characters, that is, belonging to the intermediate and
strong correlation regimes, are expected to exhibitγ values much
larger than that with small diradical characters, that is, belonging
to the weak correlation regime. Since the previous studies12-14,24

show that the electron correlation dependence ofγ in the
intermediate correlation regime is remarkable, various ab initio
molecular orbital (MO) and density functional theory (DFT)
methods are applied in this study to clarify such dependence
for singlet diradical systems with different diradical characters.
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Finally, the relationships between diradical character andγ
values for open-shell neutral systems are discussed in connection
with the proposal of a novel class of NLO systems, that is,
diradical NLO systems, which also open a path for diradical
character-based control of the NLO properties.

2. Methodology

2.1. Model Compounds and Diradical Character.Figure
1a shows the structure of thep-quinodimethane (PQM) molecule
in its singlet ground state. It is described by two resonance
forms, that is, the quinoid and diradical forms. The quinoid form
has no spin sites, whereas the diradical form presents two
antiparallel spins at both-end C sites as shown in Figure 1b. In
general, the experimental structures of conjugated diradical
systems are well reproduced by the RB3LYP and UB3LYP
methods.30 Indeed, the optimized structure for the present system
with D2h symmetry (R1 ) 1.351 Å,R2 ) 1.460 Å, andR3 )
1.346 Å) at the UB3LYP level (see section 2.2) using 6-311G*
basis set is the same as that at the RB3LYP level (see section
2.2). This result shows that the UB3LYP solution coincides with
the RB3LYP solution for the equilibrium geometry. This
optimized structure is also in close agreement with the geo-
metrical structure determined at the level of spin-restricted
quadratic configuration interaction scheme including all singles
and doubles (RQCISD) (R1 ) 1.352 Å, R2 ) 1.470 Å, and
R3 ) 1.350 Å), which fairly improves the description of RHF-
based solutions in the weak and intermediate correlation
regimes.31 The optimized parameters suggest that PQM presents
a large degree of quinoid form instead of diradical nature since
R1 andR3 are like a C-C double-bond length and are smaller
than R2 having a C-C single-bond nature. To increase the
degree of diradical nature, we consider several PQM models
with bond lengthR1 changing from 1.35 Å to 1.7 Å under the
constraint ofR2 ) R3 ) 1.4 Å. These boldly approximate models
are expected to mimic the change in diradical character of real
systems since the variation inR1 mainly corresponds to the
dissociation of π bonds. Although these models lack the
concomitant recovery of aromaticity of the central benzene ring
present in real systems, our approximate constrained models
are considered to be sufficient for the purpose of this study (see
Appendix).

To confirm the above speculation, we first determine the
diradical character from UHF calculations. The diradical
characteryi related to the HOMO-i and LUMO+i is defined
by the weight of the doubly excited configuration in the MC-

SCF theory and is formally expressed in the spin-projected UHF
(PUHF) theory as26

whereTi is the orbital overlap between the corresponding orbital
pairs27 (øHOMO-i andηHOMO-i):

and

whereφ andω represent the UHF natural orbital (UNO) and
orbital mixing parameter, respectively.Ti can also be represented
by using the occupation numbers (nj) of UNOs:

Since the PUHF diradical characters amount to 0% and 100%
for closed-shell and pure diradical states, respectively,yi

represents the diradical character, that is, the instability of the
chemical bond. The present calculation scheme using the UNOs
is the simplest but it can well reproduce the diradical characters
calculated by other methods such as the ab initio CI method.30

The present formula employs the UHF NOs instead of UDFT
NOs, which leads to incorrect lower diradical character in the
present formula. Table 1 gives the diradical charactersy
calculated from eqs 1 and 4 using HOMO and LUMO of UNOs
for PQM systems with variousR1 values. As expected, the
diradical charactery increases when increasing the bond length
R1 starting from the optimized (equilibrium) geometry.

2.2. Second Hyperpolarizabilities.We use the 6-31G*+p
basis set withp exponent of 0.052315,16,29since several studies
have demonstrated that the use of a split-valence or split-valence
plus polarization basis set augmented with a set ofp and/ord
diffuse functions on the second-row atoms enables us to repro-
duce the second hyperpolarizabilities of large- and medium-
size π-conjugated systems calculated with larger basis
sets.14,29,32The spin-restricted (R) and spin-unrestricted (U) type
Hartree-Fock (HF) and post-HF methods are employed. The
post-R(U)HF methods include the R(U)HF-Møller-Plessetnth-
order perturbation (R(U)MPn (n ) 2-4)), the R(U)HF-coupled-
cluster with single and double excitations (R(U)CCSD) as well
as with a perturbative treatment of the triple excitations,
(R(U)CCSD(T)). The RHF-based post-HF methods break down
in the dissociation (strong correlation) regime since the starting
RHF solution is heavily triplet-unstable.31,33-38 Even higher-
order excitation operators, such as SD(T) in RCC treatment,31

Figure 1. Key geometrical parameters of thep-quinodimethane
molecule (a) and its resonance forms (b).

TABLE 1: Diradical Character y for R1, R2, and R3 in the
PQM Models Shown in Figure 1aa

R1 R2 R3 y

1.351 1.460 1.346 0.146
1.350 1.400 1.400 0.257
1.400 1.400 1.400 0.335
1.450 1.400 1.400 0.414
1.500 1.400 1.400 0.491
1.560 1.400 1.400 0.576
1.600 1.400 1.400 0.626
1.700 1.400 1.400 0.731

a The first row corresponds to the optimized equilibrium geometry
with D2h symmetry in the singlet ground state.

yi ) 1 -
2Ti

1 + Ti
2

(1)

øHOMO-i ) (cosω)φHOMO-i + (sin ω)φLUMO+i (2)

ηHOMO-i ) (cosω)φHOMO-i - (sin ω)φLUMO+i (3)

Ti )
ηHOMO-i - nLUMO+i

2
(4)
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are not necessarily adequate for removing the deficient behavior
for many electron systems. On the other hand, the UHF and
UMPn methods significantly suffer from spin contamination
effects and give a small hump in the intermediate bond-
dissociation region of the potential energy curve31 and exhibit
incorrect variation inγ in the dissociation process of diatomic
molecules.12,13Therefore, the approximate spin-projected UHF
and UMP2, that is, APUHF and APUMP2,31 have also been
applied to highlight the effects of spin contamination corrections
on γ. In this scheme, the lowest spin (LS) UHF-based solutions
are projected only by the corresponding highest spin (HS)
solutions. The APUHF X energy is given by31

where YEUHFX denotes the total energy of the spin state Y
determined at the X post-HF level on the basis of the UHF
solution. The factorfSC for a spin multiplet (2s + 1) is the
fraction of spin contamination given by

The AP UHF X methods (X) MPn, CC, etc.) have been
successfully applied to the calculations of potential energy
surfaces,31 effective exchange integrals in the Heisenberg models
for open-shell clusters,26,31,33-35 and hyperpolarizabilities of H2
in the bond-breaking region.12,13Among the density functional
theory (DFT) schemes, the spin-restricted (R) and unrestricted
(U) hybrid B3LYP and BHandHLYP exchange-correlation
functionals have been adopted. All calculations have been
performed using the Gaussian 98 program package.39

We confine our attention to the dominant longitudinal
component of staticγ, which is considered to be a good
approximation to off-resonant dynamicγ. The staticγ can be
obtained by the finite field (FF) approach40 which consists in
the fourth-order differentiation of energyE with respect to
different amplitudes of the applied external electric field. We
adopt a four-point procedure (equivalent to a seven-point
procedure for a nonsymmetric case) using field amplitudes of
0.0, 0.0010, 0.0020, and 0.0030 au:25

Here,E(F) indicates the total energy in the presence of the field
F applied in the longitudinal direction. This has enabled us to
reach an accuracy of 10-100 au on the static longitudinalγ.

3. Results and Discussion

Table 2 provides theγ values for PQM models with different
diradical characters at the RHF, UHF, RMP2, UMP2, APUMP2,
UCCSD(T), and UBHandHLYP levels. Theγ values are given

in atomic units (au), which can be converted to other units by
the relation 1 au) 5.0366× 10-40 esu ) 6.2353× 10-65

Cm4/V3.
Figure 2 shows the results calculated by the spin-restricted

(R) HF based methods as well as the UCCSD(T) result. Among
the different levels of approximation, the UCCSD(T) method
is considered to provide the most reliable results for the present
systems. As expected, it turns out that theγ value at the
UCCSD(T) level increases with increasingy in the weak
diradical region (y ) 0.1-0.5), attains a maximum in the
intermediate region (y ≈ 0.5), and then decreases in the region
corresponding to large diradical character (y > 0.5). The
maximumγ value at the UCCSD(T) level (77500 au) for ay
value close to 0.5 is 3.3 times as large as the value at the
equilibrium geometry (23300 au) (y ) 0.146). The RHFγ value
is negative while its magnitude increases strongly with the
diradical character. The inclusion of electron correlation at the
RMPn (n ) 2-4) levels cannot correct this deficient behavior:
at the RMP2 and RMP3 levelsγ is positive but displays a sharp
and overshot increase withy, while at the RMP4 level the
evolution as a function ofy is correctly reproduced up toy )
0.4 but deviates toward too negative values for largery values.
Even the RCC methods cannot correct such wrong behavior
though the RCCSD and RCCSD(T) methods rather suppress
the overshooting behavior of the RMPn results (n ) 2, 3). Such
incorrect behavior is predicted to originate from the triplet
instability of the RHF solution in the intermediate and strong
correlation regimes.31,35-37

Figure 3 shows the results obtained by the UHF-based
methods. Although for the equilibrium geometry the UHF
method nicely reproduces the UCCSD(T)γ value, the UMPn
(n ) 2-4) methods overshootγ. At the UHF and UMPn levels,

TABLE 2: γ [× 102 au] for PQM Models with Different Diradical Characters y at the RHF, UHF, RMP2, UMP2, APUMP2,
UCCSD(T), and UBHandHLYP Levels

Y RHF UHF RMP2 UMP2 APUMP2 UCCSD(T) UBHandHLYP

0.146 -7.709 260.8 273.0 765.4 433.1 232.7 546.9
0.257 -78.84 218.5 477.0 630.5 468.4 459.6 641.1
0.335 -143.2 204.0 774.8 596.9 559.9 628.4 678.0
0.414 -243.0 184.8 1305 544.7 606.9 749.0 688.1
0.491 -393.6 164.6 2249 478.5 575.5 775.4 671.6
0.576 -671.9 141.7 4428 410.1 515.7 737.2 620.6
0.626 -941.3 127.4 7040 363.3 427.5 680.6 572.5
0.731 -2103 99.28 23250 255.1 132.2 488.1 433.7

LSEAPUHFX ) LSEUHFX + fSC[
LSEUHFX - HSEUHFX] (5)

fSC )
LS〈S2〉UHFX - s(s + 1)

HS〈S2〉UHFX - LS〈S2〉UHFX

(6)

γ ) {E(3F) - 12E(2F) + 39E(F) - 56E(0) +
39E(-F) - 12E(-2F) + (-3F)}/36(F)4 (7)

Figure 2. Diradical character (y) dependence ofγ [au] for the PQM
models. The RHF, RMP2, RMP3, RMP4, RCCSD, and RCCSD(T)
results as well as the UCCSD(T) results using 6-31G*+p (ú ) 0.0523)
basis sets are shown.
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γ monotonically decreases with increasing diradical character,
so that fory smaller than 0.3 they are larger than the UCCSD(T)
reference value, whereas they are smaller in the intermediate
and large diradical character regions. Adopting the APUHF
method, the behavior ofγ for y is different: γ increases with
increasing diradical character. In contrast, theγ values deter-
mined at the APUMP2 level are significantly improved as
compared to those at the UHF, UMPn, and APUHF levels and
qualitatively reproduce the results obtained at the UCCSD level.
To obtain a better agreement with the UCCSD(T) results, higher-
order correlation methods, that is, APUMP3 and APUMP4
methods, are predicted to be required. This suggests that not
only the nondynamical correlation involved at the APUHF level
but also the dynamical correlation involved at the APUMPn
levels are indispensable for the description ofγ of open-shell
singlet systems. Similarly to the neutral doublet C5H7 radical
system,14 obtaining a fast convergence ofγ for open-shell singlet
systems with respect to the order of electron correlation requires
first the removal of spin contamination. The UCCSD method
turns out to reproduce qualitatively the variations inγ obtained
at the UCCSD(T) level, whereas the triple excitations become
important for a quantitative description in the regions with
intermediate and large diradical characters (y > 0.25).

Figure 4 displays the diradical character dependences ofγ
evaluated by DFT methods as well as the UCCSD(T) scheme
for comparison. The RB3LYP and RBHandHLYP methods
undershoot the UCCSD(T)γ value. In addition, although for
equilibrium geometry they provide similarγ values, the
RB3LYP value increases withy, whereas it decreases using the
RBHandHLYP exchange-correlation functional. The UB3LYP
results give the same results as the RB3LYP results untily ≈
0.25 , while an abrupt increase is observed aroundy ) 0.3.
After the abrupt increase,γ overshoots the UCCSD(T) value
and then increases steadily. In contrast, the UBHandHLYP
method provides a similar qualitative description of the variation
in γ to that at the UCCSD(T) level. Nevertheless, theγ values
at the UBHandHLYP level overshoot that at the UCCSD(T)
level in the region with small diradical character (y < 0.3), while
the γ values at the UBHandHLYP level are slightly smaller
than those at the UCCSD(T) level in the region with intermedi-
ate and large diradical characters (y > 0.4). Moreover, the value
of y corresponding to the maximum ofγ is slightly different at
the UBHandHLYP and UCCSD(T) levels of approximation.

Judging from the present results, it is predicted that hybrid
DFT methods with exchange-correlation functionals specifically
tuned for reproducing the NLO properties of diradical species
could provide satisfactory results in comparison with the more
elaborated UCCSD(T) scheme. However, it remains to be
assessed whether a given tuned functional can perform ef-
ficiently for a large range of diradicals.

The variation inγ for the PQM models with increasing
diradical character can be understood from the analogy with
the dissociation of H2. The increase ofγ in the intermediate
diradical character region is predicted to be caused by the virtual
excitation processes with zwitterionic contribution between the
radicals on both-end carbon atoms, which corresponds to the
intermediate dissociation region for the H2 molecule.11 In an
analogical way, the intermediately spatial polarized wave
functions forR andâ radical spins on both-end carbon sites in
the PQM with intermediate radical character are predicted to
contribute to the enhancement ofγ through the virtual excitation
processes involving the zwitterionic nature as compared to the
small diradical character region with a stable bond nature, giving
a relatively small polarization. On the other hand, in the large
radical character (strong correlation or magnetic) region, the
localized spins on both-end sites exhibit less charge polarization
to the applied external electric field because of its strong
correlation nature, so that theγ value decreases again.

Although the present results on the diradical character
dependence ofγ for PQM models are predicted to be valid for
other aromatic singlet diradical systems, it is worth examining
the applicability of the present result to nonaromatic singlet
diradical systems using models except for the H2 dissociation
model.11 The twisted ethylene models (with twisted angleθ)
are considered to be suitable for exhibiting the increase in
diradical character (y) by increasing the twisted angle. In fact,
the highly electron-correlated ab initio MO results for longitu-
dinal γ of twisted ethylene models up toθ ) 75° (y ∼ 0.5)
have predicted the increase inγ with increasing the twisted
angle, that is, diradical character.24 To clarify the variation inγ
for y larger than 0.5, we consider the ethylene models withθ
changing from 55° to 90° as shown in Figure 5a. The C-C
bond length (1.3376 Å), C-H bond length (1.0868 Å), and
H-C-H bond angle (121.58°), which are optimized using the
QCISD method with 6-311G** basis set for the equilibrium
planar ethylene, are used for all twisted ethylene models. As

Figure 3. Diradical character (y) dependence ofγ [au] for the PQM
models. The UHF, UMP2, UMP3, UMP4, APUHF, APUMP2 UCCSD,
and UCCSD(T) results using 6-31G*+p basis sets are shown.

Figure 4. Diradical character (y) dependence ofγ [au] for the PQM
models. The RB3LYP, RBHandHLYP, UB3LYP, and UBHandHLYP
results as well as the UCCSD(T) results using 6-31G*+p basis sets
are shown.
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shown in Figure 5b, the diradical charactery using the
occupation numbers of UNOs varies from 0.1 to 1.0 with
increasing the twisted angle changing from 55° to 90°. The
diradical character dependence ofγ values at the UCCSD(T)
level with 6-31G**+spbasis set (ú ) 0.0523 on C atoms and
ús,p ) 0.0406 on H atoms) is shown in Figure 5c. Similarly to
the results for PQM models, theγ values increase with
increasingy (<0.5), attain the maximum value aroundy ∼ 0.5,
and then decrease in the regiony > 0.5. The maximumγ value
(2184 au) aty ∼ 0.5 is about 4.1 times as large as that (536 au)
at y ) 0 (equilibrium planar structure). Judging from these two
results (PQM and twisted ethylene models) and the previous
results for H2 dissociation model, the diradical character
dependence ofγ obtained in this study is expected to be applied

to general singlet diradical systems including aromatic and
nonaromatic systems though further investigation of other singlet
diradical systems, for exampe, heteroatomic systems, are
necessary for confirming the applicability of the present
structure-property relation inγ.

4. Concluding Remarks

The dependence of the second hyperpolarizability (γ) on the
diradical character is investigated forp-quinodimethane (PQM)
models by changing both-end C-C bond lengths. It turns out
that, using the reference UCCSD(T) results,γ increases with
the diradical character (y) in the region wherey < 0.5, attains
a maximum in the region with intermediate diradical character

Figure 5. Twisted ethylene model (a), diradical character (y) versus twisted angleθ [°] (b), and longitudinalγ value [au] versusy. The C-C and
C-H bond distances and H-C-H bond angle used for twisted ethylene models are optimized at the UQCISD/6-311G** level for the planar
equilibrium geometry. Theγ values are calculated by the UCCSD(T) method with 6-31G**+sp basis set.

Figure 6. Variation in diradical character (y) and bond lengths (R2 andR3) with increasingR1 (a) and theγ values versusy at the UB3LYP and
UBHandHLYP levels with 6-31G*+p basis set (b).R2 andR3 are optimized using the UB3LYP/6-311G* method for eachR1.
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(y ≈ 0.5), and then decreases. The inclusion of high-order
electron correlation effects is indispensable for reproducing the
qualitative variations inγ as a function of the diradical character.
Indeed, the APUMP2 and UCCSD methods qualitatively provide
the same variations ofγ as the UCCSD(T) scheme. This feature
suggests that the (approximate) spin projection schemes with
relatively low-order electron correlations, for example, APUMPn,
effectively include both nondynamical and dynamical correla-
tions in a well-balanced manner for neutral open-shell singlet
systems in the intermediate correlation region, not only in the
ground state but also in the excited states. Judging from the
similarity of the variation inγ (y > 0.4) between the UB-
HandHLYP and UCCSD(T) results, the DFT methods with
tuned hybrid exchange-correlation functionals can reproduce the
γ values of singlet diradical systems for a broad range of
diradical characters, in an analogy to the case of tuning
parameters in the hybrid exchange-correlation functional to
reproduce the effective exchange integral for open-shell systems
at the UCCSD(T) level.40,41 Furthermore, several recently
developed approaches based on the spin-flip (SF) model,43 for
example, SF-CI, SF-EOM, and SF-TDDFT, for bond-breaking
processes and singlet diradical systems are expected to be
interesting schemes for further investigation of the hyperpolar-
izabilities of singlet diradical systems.

On the basis of the same dependence ofγ on the diradical
character observed for H2 dissociation model,11 p-quinodi-
methane model, and twisted ethylene model, we can conclude
that theγ values of singlet diradical systems presenting the
intermediate or somewhat large diradical characters tend to be
significantly enhanced as compared to those of conventional
NLO materials small or zero diradical characters. The variation
in γ with the diradical character also suggests the possibility of
using singlet diradical compounds as novel NLO systems, which
could be tuned to match the desired properties, since several
singlet diradical systems with controlled diradical characters can
actually be synthesized.28 The investigation of the NLO proper-
ties of practical diradical systems is now in progress in our
laboratory.
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Appendix

In this study, we employ a constrained model, in whichR1

varies, whileR2 andR3 are fixed to 1.4 Å though the increase
in R1 should affect the values ofR2 andR3 through the recovery
of the aromaticity of the central benzene ring. To confirm the
validity of our constrained model, we examine a relaxed model
by performing optimization (with a constraint ofD2h symmetry)
of geometries except forR1. As shown in Figure 6a, the increase
in R1 causes a monotonic increase in diradical charactery as
well as the increase inR3 and the decrease inR2. Namely,R2

andR3 approach 1.4 Å in the limit of largeR1. This feature is
in agreement with the speculation on the basis of the two
resonance forms, that is, the quinoid and diradical forms,
mentioned above. The UBHandHLYP and UB3LYP results
using this relaxed model shown in Figure 6b display the same
y-dependence as with the constrained model (R2 ) R3 ) 1.4

Å) (see Figure 4). Therefore, our constrained model appears to
be satisfactory for the purpose of the present study.
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